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Linear Stability of the Confined Compressible
Reacting Mixing Layer

D. S. Shin* and J. H. Ferzigert
Stanford University, Stanford, California 94305

This paper investigates the linear stability of confined mixing layers with special emphasis on the effects of
heat release and compressibility. The results show that reflection of supersonic disturbances by the walls makes
the confined supersonic mixing layer more unstable than the unconfined free shear layer. Decreasing the distance
between the walls makes the flow more unstable. However, subsonic disturbances are relatively unaffected by
the walls. Heat release and Mach number hardly change the growth rates of supersonic disturbances. The most
unstable supersonic disturbances are two-dimensional in rectangular channel flows, but three-dimensional in
partially confined flows. Finally, the reactants are not strongly mixed by supersonic instabilities, which mainly

disturb one side of the layer.

Nomenclature

B = breadth of the rectangular channel

c, = real part of the wave velocity

F = general dependent variable

F = mean of a general dependent variable

F’ = fluctuation of a general dependent variable

F = eigenfunction of general dependent variable

H = half of the channel height

M, = Mach number of the upper stream

M, = Mach number of the lower stream

M, = convective Mach number

M, = relative Mach number

m = spanwise wave number

D = pressure

[RXN1], = density variation terms in the stability
[RXN?2] equation

T = temperature

Taa = nondimensional adiabatic flame temperature

t = time

u = velocity component in the x direction

v = velocity component in the y direction

w = velocity component in the z direction

X = streamwise coordinate

y = normal coordinate

¥ = mass fraction of the ith species

4 = spanwise coordinate

o = streamwise wave number

o = imaginary part of the streamwise wave

number

L% = specific heat ratio

0 = propagation angle of disturbance

I = Mach angle

) = density

w = frequency

Subscripts

F = fuel

] = oxidizer
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1. Introduction

EACTING free shear layers occur in many systems, in-

. cluding gas turbine combustors and rockets. Chemical
reaction can occur only when the reactants are molecularly
mixed. However, short residence times require efficient mix-
ing between the fuel and oxidizer. This is especially important
in air-breathing ramjets. Fast mixing requires the flow to be
vigorously turbulent, which requires the laminar flow to be
unstable. Hence, understanding of the stability characteristics
of reacting free shear layers may lead to techniques for en-
hancing mixing or controlling the flow. Stability analysis can
also predict some characteristics of the turbulent reacting mix-
ing layer. The conclusions may be expected to apply, with
quantitative modifications, to other shear flows, e.g., jets.

Most stability analyses of supersonic mixing layers have
considered unconfined shear layers.'"® However, the super-
sonic mixing layers in ramjet combustors and most experi-
ments are confined by solid walls. Two distinct types of insta-
bilities may occur in confined shear layers. One is the
Kelvin-Helmholtz instability found in subsonic shear layers;
the other is the supersonic instability. In low-speed flows, the
effects of walls on the Kelvin-Helmholtz instability are rela-
tively small so long as they are separated by many shear layer
thicknesses. However, in high-speed flows, some of the energy
of the acoustic radiation that would leave an infinite system is
reflected from the walls. This reflection can alter the stability
characteristics of the flow significantly.’-1?

To include the effect of chemical reaction, we shall consider
a reacting mixing layer in a channel. The chemistry model is a
finite-rate, single-step, irreversible reaction with Arrhenius
kinetics. At the walls, we could apply no-slip boundary condi-
tions. However, the focus of this study is on the shear layer,
and the wall boundary layers are not important so long as they
are much thinner than the shear layer and channel width.
Hence, we allow fluid slip at the walls but no penetration.
Furthermore, heat loss and chemical reaction at the walls are
excluded. Laminar flows obtained by solving the compressible
boundary-layer equations with slip-wall boundary conditions
are used as the basis for the stability study because the confin-
ing walls hardly change the profiles of laminar flows.!' All
flow variables are nondimensionalized by their fast-stream
values.

We shall consider the effects of heat release, Mach number,
frequency, wave number, thickness of shear layer, as well as
distance between walls and direction of propagation of the
disturbance waves. We use nondimensional adiabatic flame
temperature 7,4 to express the amount of heat release from
combustion. Note that for a given T4, the actual temperature
rise in high Mach number flows may be higher than that of
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low Mach number flows because of viscous dissipation. How
best to express the temperature rise from the combustion and
viscous dissipation in a single parameter is still an open ques-
tion.

II. Inviscid Linear Stability Equation
We consider a spatially developing plane mixing layer in
which the fuel and oxidizer are initially unmixed. The flow is
confined to a rectangular channel of height 2H and breadth B
(see Fig. 1). We assume locally parallel mean flow and small
wavelike disturbances propagating in the x direction. Each
dimensionless quantity can be expressed as

F(x,», 2 t)y=F@)+F'(x, y, 2, 1) ey

where F(y) is the mean flow quantity and F’ is the distur-
bance.

At the walls, we apply slip boundary conditions in accor-
dance with laminar flows. Boundary conditions for the distur-
bances at the sidewalls (z = + B/2) are, therefore,

ou’ av’ w’ op’ AT’ 9dp’ dyp 0y

Solutions for the disturbances that satisfy those boundary
conditions are assumed to have the form

— - - -
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The perturbation equations are derived by linearizing the com-
pressible Euler equations. Substituting Eq. (3) into the lin-
earized governing equations, we derive a second-order ordi-
nary differential equation for the pressure

., { 2ai’ +
s (clt — w)
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(ot — w)Z[RXNI]}ﬁ " - [ {az

2mw

s _
+ <T> } — yMXait — w)? {1T + %[RXNZ]} ] p=0(4)

[RXN1] and [RNX2) are terms that represent the effect of
density variation due to chemical reaction and compressibility
on the instability; they are given in the previous paper.S The
boundary conditions at the top and bottom walls become

p'H)=p'(-H)=0 &)

Fig. 1 Schematic diagram of spatially developing mixing layer in a
rectangular channel.
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Fig. 2 Unstable modes: a) Amplification rates and b) phase veloci-
ties in supersonic relative Mach number; Ty =1, My =6, M =3,
m=0,H =5, T =1 (—, slow mode; :*--, center mode; — . -, fast
mode).
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With these boundary conditions, Eq. (4) is solved by a combi-
nation of the shooting and Newton-Raphson methods.

III. Results
A. Effect of Walls

First, the effect of walls on the instability is examined. We
begin by looking at the two-dimensional waves (i = 0) in the
nonreacting flow (7,q=1) with H = 5. Because all length
scales are nondimensionalized by initial vorticity thickness,
H =5 means that wall separation is five times the vorticity
thickness, which is small enough to permit interaction between
the wall and unstable acoustic modes. When the Mach number
of the disturbance relative to either freestream is supersonic
(1M, | >1), flows yield many supersonic unstable modes; these
are similar to the supersonic modes found by Mack!? in
boundary layers. They arise from reflection of acoustic waves
by the walls and do not exist in the absence of walls. Figure 2
shows the growth rates of these unstable modes and their
phase velocities at M; = 6 and M, = 3. There are additional
unstable modes at higher frequencies; their amplification rates
are lower. The unstable modes can be classified into the three
families found in unconfined flows according to their phase
speeds: center and two outer modes. The slow outer mode
travels at lower speed than the center mode, whereas the fast
outer mode travels at higher speed. The phase velocities of the
fast modes decrease as the frequency increases, whereas those
of slow modes increase with frequency. They appear to ap-
proach the average of the two freestream velocities. This be-
havior contrasts with what was found in unconfined flows, for
which the phase velocities approach the freestream velocities.
Each mode is unstable only over a relatively narrow frequency
band. For this set of parameters, the most unstable mode is a
center mode, but it is only slightly more unstable than one of
the outer modes.

For the reacting flow with 7,y =4 and H =5, when the
relative Mach number is supersonic, three families of modes
are unstable. Figure 3 shows the growth rates of these unstable
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Fig. 3 Unstable modes: a) Amplification rates and b) phase veloci-
ties in supersonic relative Mach number; Ty =4, M1 =6, M> =3,
m=0,H=5, T»=1(——, slow mode; ----, center mode; - . -, fast
mode).
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Fig. 4 Maximum amplification rates vs H; m =0, My =6, M, =3,
T»=1(0o, Ty =1, center mode; o, Tyq =1, slow mode; 2, Ty =4,
slow mode; + , Tyq = 8, slow mode).

modes and the corresponding phase velocities for M| = 6 and
M, = 3. Other unstable modes with lower amplification rates
and higher frequencies are not shown. The fast and slow
modes have comparable amplification rates, whereas the cen-
ter mode is less unstable. Unlike the situation in nonreacting
flows, neither phase velocity approaches the average speed.
Rather, the phase velocities of the outer modes appear to be
almost independent of frequency.

Because the walls change the characteristics of supersonic
unstable modes from those found in unconfined flows, the
distance between the walls is an important parameter. For
two-dimensional modes, m = 0, the growth rates are indepen-
dent of the aspect ratio of the duct, i.e., the breadth has no
effect on the stability. We calculated the properties of spatially
growing waves at various values of H for fixed upper stream
Mach number M, and fixed mean velocity and temperature
profiles. The instability behavior of the subsonic shear layer

hardly varies with the distance between the walls. However,
the instability characteristics of supersonic shear layers change
considerably as height increases. Figure 4 shows the maximum
amplification rate as functions of H at M; = 6 (M, = 3). The
smallest H considered is 1. For nonreacting flows, the most
unstable modes are center modes when the walls are closely
spaced (H =< 10). However, as the distance between the walls
increases (H > 10), slow modes become more unstable as in the
unconfined flow cases. For reacting flows (7,4 = 4 and 8), the
most unstable modes are always slow modes. The maximum
growth rates of both the nonreacting and reacting shear layers
reach their maximum values and decrease as the distance
between the walls decreases. The maximum growth rates occur
about at H = 2 for the nonreacting flow and about at H = 5
for the reacting flows. As expected, reflection of acoustic
waves by moderately closely spaced walls prevents radiation of
energy and makes the flow more unstable. The effect is much
larger in the nonreacting slow mode case for which the maxi-
mum growth rate at H = 5 is about twice as large as that at
H =20. For T,y =4, the maximum growth rate at H = 5 is
about 1.4 times larger than that at H = 20. When H is rela-
tively small (H <4), the nonreacting flow is more unstable
than the reacting flows; the reverse is true for large H(H >4).
Although the very closely spaced walls tend to make the flow
less unstable than the moderately spaced walls, the real com-
bustor will have a considerably large height and the effect will
be small.

B. Three-Dimensional Modes

In partially confined-channel flows, which have no side-
walls, the disturbances are of the traveling-wave form in the
transverse direction.® Figure 5 shows the geometry of the
partially confined channel and rectangular channel. The only
difference between partially confined flows and rectangular
channel flows is the boundary condition at the side walls, Eq.
(1). We studied the growth rate of three-dimensional modes in
both types of flows. Because heat release favors two-dimen-
sional instability, we considered only the nonreacting case
(T.a = 1); because walls have little effect on the low-speed
flow, only high-speed flows (M, = 6, M, = 3) were studied.
Figure 6 shows the maximum amplification rates for various
angles of propagation at H = 5 for the case without sidewalls.
Only the slow mode growth rates are given for readability; the
fast mode growth rates are almost the same. The center mode
is slightly more unstable than the outer modes at 6§ = 0 deg. As
the angle increases, the center modes become less unstable. At
large angles (6 >55 deg), the center modes reappear and dom-
inate, as in the unconfined flow®; they are subsonic relative to
both freestreams. The most unstable center mode occurs at
6 =70 deg and the corresponding relative Mach number is
0.51; the amplification rate is slightly higher (about 8%) than
that of the two-dimensional mode. The outer modes become
more stable with increasing angle as in the unconfined flows.
Thus, the behavior of partially confined flows is similar to
that of unconfined flows, but the close spacing of the walls
weakens the three-dimensionality.

. &

.
7.
a) b) B

Fig.5 Geometry of the a) partially confined channel and b) rectan-
gular channel.
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Fig. 7 Amplification rates in rectangular channel flow for a) nonre-

acting (724 = 1) and b) reacting (Tag = 4) flows; B/2=H =5,T» =1
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A rectangular channel might display three-dimensional in-
stabilities due to reflections from the sidewalls. Because the
transverse-boundary conditions [Eq. (1)] allow only integer
values of the transverse wave number m, the three-dimen-
sional modes in a rectangular channel are different from trav-
eling modes in the transverse direction. We investigated the
three-dimensional instability modes for both nonreacting
(T,q = 1) and reacting (7T, = 4) rectangular-channel flows. Be-
cause a smaller distance between the walls makes the flow
more unstable and the results with a larger distance agree well
with unconfined flow cases, we chose 10 as the wall height.
The breadth of the channel B was 10 in this study. We studied
two different Mach numbers. M, = 2 and 6 (M, = 1 and 3); the
first is considered a low-speed flow and the second a high-
speed flow.

Figure 7a shows the amplification rates for the nonreacting
cases. We consider only the center mode for nonreacting flows

(T.a=1) and the slow mode for reacting flows (T,q=4),
because they are the most unstable modes of the respective
flows; m =0 corresponds to two-dimensional modes and
m =1 to three-dimensional modes. We found only damped
modes for m > 1. In the low-speed flow (M, = 2), the three-di-
mensional mode (m = 1) has lower amplification rates than
the two-dimensional mode (m = 0); this is similar to what we
found for unconfined flows. In high-speed flows (M, = 6), the
three-dimensional mode (m =1) has lower amplification
rates. This result shows that three-dimensional modes have
lower amplification rates than two-dimensional modes in
high-speed nonreacting flows, unlike unconfined or partially
confined flows. Thus side walls favor two-dimensionality.
However, it will be difficult to identify the large structures as
two- and three-dimensional in experiments because the domi-
nant unstable modes have comparable growth rates but vari-
ous phase speeds, which is consistent with the present observa-
tion.!3-15 Figure 7b shows the results for the reacting cases.
The most amplified modes are still two-dimensional (m = 0),
which is similar to the situation in unconfined reacting shear
layers. As a consequence, we consider only two-dimensional
modes below.

C. Effect of Mach Number and Heat Release

This section studies the effect of the Mach number and heat
release on the maximum growth rates of instabilities in con-
fined shear layers. The wall height is fixed at 10. Figure 8 gives
the maximum amplification rate vs the .upper-stream Mach
number and indicates that the maximum growth rate of the
most unstable two-dimensional mode decreases with Mach
number in both nonreacting (7,4 = 1) and reacting (7,4 = 4)
flows. They appear to approach asymptotic values for M, >4
or M, > 1, where M. is the isentropic convective Mach number
defined by Papamoschou and Roshko.!6
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Fig. 8 Maximum amplification rates vs Myj; m =0, H=5, T, =1
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Fig. 9 Maximum amplification rates vs Tog; m =0, T =1 (O,
M =1, unconfined; o, My =1, confined, H = 5; a , M = 6, uncon-
fined; + , My =6, confined, H =5.
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In the nonreacting case, there is little difference between the
unconfined and the confined flows when the isentropic con-
vective Mach number is subsonic (M;<4). When the isen-
tropic convective Mach number is supersonic (M, >4), reflec-
tion of acoustic waves by the walls makes the confined flow
more unstable than the unconfined flow. At M| = 8, the max-
imum growth rate of the confined flow is about four times
that of the unconfined flow. However, it is small (about 16%)
compared to the growth rate of the cold flow at M; = 0. The
reacting flow shows a similar qualitative trend. Heat release
seems to reduce the compressibility effect even more in con-
fined flows; the ratio of the maximum amplification at M; = 8
to that at M| = 0 is about two, which is half of the ratio in the
nonreacting flow.

Figure 9 shows the effect of heat release on the maximum
amplification rate of unstable modes for low-speed (M; = 1)
and high-speed (M, = 6) flows. In the low-speed flow, the
walls make little difference. Heat release stabilizes the low-
speed flow; the maximum amplification rate for T,q =8 is
about 15% of the cold flow value. At M; = 6, the confined
flows are more unstable than the unconfined flows. The
change of the maximum growth rate with Mach number is

0.0 161

Fig. 10 Pressure contour plots from linear eigenfunctions of the
nonreacting confined flow (center mode, max = 1.122, min = 0.878);
Mi=6M;=3), Ta=1,Taa=1,m =0, H=5.
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Fig. 11 Pressure contour plots from linear eigenfunctions of the
nonreacting confin}ed flow (slow mode, max = 1.167, min = 0.833);
Mi=6M:=3), T2=1,Taa=1,m=0,H =35.
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Fig. 12 Contour plots from linear eigenfunctions of the reacting
confined flow (slow mode): a) pressure (max = 1.116, min = 0.884),
b) fuel (max=1.0, min=0.0), and c¢) oxidizer (max = 1.0,
min =0.0); M1 =6 M2=3), Ta=1, Taa=4,m =0, H =5.

large in cold flow (T,q = 1); it becomes smaller as the heat
release increases. The effect of the walls on the growth rate
becomes negligible at large heat release. At high Mach num-
bers, the amplification rates change little with T,4, which is
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consistent with the behavior of the supersonic-ramjet combus-
tor.!”

D. Eigenfunctions

This section studies contours of the flow variables derived
from the most unstable eigenfunctions and the mean flow.
The eigenfunctions are normalized so that the maximum abso-
lute value of # is unity. We chose H = 5 to include the effect
of confinement. We considered only the center and slow
modes; the fast mode can be obtained by reflection of the slow
mode.

Figure 10 shows the pressure contours produced by the
supersonic center mode for the nonreacting (7,4 = 1) flow at
M, =6 (M, = 3). The pressure contours show clearly the ra-
diative nature of the supersonic center mode. Unlike the outer
modes that radiate only to one freestream, the center modes
are supersonic relative to both streams, and the associated
compression (solid line) and expansion waves (dashed line)
propagate toward both boundaries. The patterns of compres-
sion/expansion waves in Fig. 10 suggest that the waves are
reflected by the walls. The reflections carry energy back to the
shear layer, producing feedback that makes confined shear
layers more unstable than free shear layers. Mack reported a
similar observation for boundary layers.'?

From the pressure contours, we measured the Mach angle p
and estimated the convective Mach number M, based on the
most unstable mode!%!® from «

M, =1/sin u (6)

Measurement of the Mach angle from Fig. 10 gives about
u =40 deg, from which we estimate the convective Mach
number to be approximately 1.55. The convective Mach num-
ber based on the phase velocity of the most unstable mode is
1.49; this agreement is considered to be very good.

Figures 11 and 12 show contours for nonreacting and react-
ing supersonic slow modes at M; = 6 (M, = 3). The pressure

contours again show reflections of compression/expansion
waves propagating at Mach angle u = 27 deg for the nonreact-
ing flow and u =26 for the reacting flow. The convective
Mach numbers according to Eq. (6) are 2.20 for the nonreact-
ing flow and 2.28 for the reacting flow, whereas the convective
Mach numbers based on the corresponding most unstable
modes are 2.22 and 2.33, respectively; the agreement is again
very good. The contours of the reactant concentrations in
Figs. 12b and 12c show that the slow mode principally affects
the oxidizer because the oxidizer occupies the lower part of the
layer, leaving the fuel mostly undisturbed. The reverse is true
for the fast mode. Thus, the supersonic outer modes will not
yield much mixing between the fuel and oxidizer in confined
reacting flows.

IV. Conclusions

In this work we considered the inviscid stability of the
confined compressible reacting mixing layer using laminar-
flow profiles generated from solutions of the compressible
boundary-layer equations with finite rate chemistry. We
found that reflection of supersonic disturbances by the walls
makes the mixing layer more unstable than the unconfined
free shear layer. Decreasing the distance between the walls
makes the flow more unstable. Subsonic disturbances are rela-
tively unaffected by the walls. The most unstable supersonic
disturbances are two-dimensional in rectangular channel
flows, but three-dimensional in partially confined flows. Heat
release and Mach number hardly change the maximum growth
rates of supersonic disturbances. The growth rate of the super-
sonic mixing layer is very small compared to the correspond-
ing incompressible mixing layer value. The supersonic center
mode radiates into both boundaries, whereas the outer modes
propagate only to one boundary with respect to which they are
supersonic. Pressure contours show the reflectionof compres-
sion/expansion waves that propagate at the Mach angle. The
reactants are not strongly mixed by supersonic instabilities
because they disturb mainly one side of the layer. Finally, for
reference, Fig. 13 shows the diagram of the most dominant
unstable modes with their phase speeds in the isentropic con-
vective Mach number and adiabatic flame temperature plane,
and Fig. 14 shows the corresponding maximum growth rates.
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